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Abstract: I present a new derivation of Hawking radiation by applying the Crooks fluc-
tuation theorem to the laws of black hole thermodynamics. Then, by analogy with the
quantum fluctuation theorem, this allows one to identify microstates contributing to the
black hole entropy. These microstates have an evolution operator on the horizon between
initial and final states that is related to the entropic gravity proposal. Their full calculation
perhaps requires a deeper understanding of nonperturbative Hawking radiation.
1For proceedings of the Petersburg Nuclear Physics Institute’s 50th Winter School on Theoretical
Physics.
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1 Thermodynamics and Gravity?
In this short paper I’ll begin by briefly reviewing some background material, which can oth-
erwise be a little expansive, in an effort to motivate the subsequent developments. Firstly
I feel a need to justify the usefulness of taking the “thermal” approach to considering quan-
tum gravity. After all, thermodynamics is intrinsically self-limited, doesn’t see microstates,
and perhaps necessarily obfusicates higher order and nonperturbative corrections. How-
ever, my goal is understanding how the global structure of gravity emerges in relation to a
presumably underlying, but presently unknown theory. In this sense beginning with gravity
and working backwards is an ideal starting point; it has a bit of experimentally confirmed
global structure to work with.
Among the other common approaches to quantum gravity there is a similar trade-off
between successes and handicaps. The generally considered safest starting point is that of
quantum fields in curved space [11]. It offers a robust bulk description and has shown us
the Unruh temperature of accelerated observers in flat spacetime [6]
TUnruh-Hawking =
~κ
2pi
(1.1)
and the Hawking effect [5]. However, it is currently nonrenormalizable and due to concep-
tual clashes between gravity and quantum field theory, often coming down to the equivalence
principle, is perhaps not the correct ultimate framework. This is of course still a discussion
under development, as the asymptotic safety program [28], etc, attest.
AdS/CFT defines gravity in anti-de Sitter space in terms of a conformal field theory
on an asymptotic boundary [15]. Because one begins with a quantum structure (albeit
– 1 –
partially limited, as due to conformal invariance there is no Compton wavelength or mass
scale) there is unitary evolution on the boundary, complemented by a partial but evolving
interpretation of boundary operators in terms of bulk dynamics. One has the general GKP-
Witten postulate [16] [17] between partition functions
ZAdS5 ≡ ZCFT ' e−SE (1.2)
which is complemented by a number of fascinating avenues like the long wavelength fluid/gravity
correspondence [27], firewall paradox [29], and more recent exploration of the ER=EPR hy-
pothesis [30].
In this context the Bekenstein and Wheeler Gedanken experiments [2] [4] [8] have a
unique allure. They are consistent with the above approaches, but conceptually far more
general. Their more recent implications include the holographic principle [12] [13] [24] and
entropic gravity [26]. At heart they are encapsulated by the idea
Strong Coupling→ Gravity (1.3)
which is usually used in one manner or another to assign properties of a quantum system
to gravity, or the holographic scaling of black holes to gauge theories.
1.1 Black Hole Gedanken Experiments
The No Hair theorem, its first versions by Israel [1], is essentially the progenitor of the
link between thermodynamics and gravity. In thermodynamics one assigns state variables
such as temperature and pressure to a system, and these decouple the effective description
from the evolution of individual microstates. In the same manner the no hair uniqueness
theorem characterizes black holes by state variables; their mass, angular momentum and
charge, and obfuscates the behavior, or even existence, of excitations related to polarization,
baryon number, quantum states, etc.
However, all is not lost. In classical general relativity one has the Hawking area theo-
rem [3], which shows the surface area of a black hole can never decrease. When multiple
black holes coalesce, the combined area is greater or equal to the total initial surface area.
Since the surface area is a non-decreasing quantity obeying a triangle inequality, it can be
reinterpreted as an entropy, with the area theorem as the second law of thermodynamics.
By analogy with the first law of thermodynamics, the surface area plays the role of entropy,
and the surface gravity that of temperature. This prevents the wholesale disspearance of
entropy in the vicinity of black holes. Black holes are assigned an entropy proportional to
their area, an independent contribution to total entropy giving the congolomerate Gener-
alized Second Law of thermodynamics [4]
Suniverse =
A
4G~
+ Sbulk. (1.4)
In order to prevent more subtle violations of the generalized second law one must also posit
constraints, as a result of black hole mechanics, on the entropy content of regions described
by non-gravitational laws of physics. In order to see how this is realized, consider slowly
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lowering a particle of some mass and entropy into a black hole. As this increases the entropy
of the black hole, in order to preserve the generalized second law the entropy of a region of
space must have an upper bound given by the Bekenstein bound [8] on information content1
Sregion ≤ 2piRE~c . (1.5)
1.2 Entropic Gravity
One of the interesting characteristics of Bekenstein’s thought experiments, and the Beken-
stein bound, is that at a fundamental level they apply quantum aspects to gravitational
phenomena and gravitational constraints to non-relativistic and quantum systems. In the
modern generalization of this, entropic gravity [26], the same type of logic is applied again,
only this time in the flat space or Rindler approximation. The strength of this construc-
tion is that one can begin with the Bekenstein bound and reinterpret this, rather than as
a relativistic bound on information content, but as an equivalently new definition of the
quantum content of matter in terms of the entropy it can induce on some horizon. In the
near horizon or infinite mass limit of a black hole the Schwarzschild metric becomes that of
Rindler space, equivalent to an accelerated observer in flat space. This indicates that one
must take seriously that, since Rindler space can be transformed to Minkowski space by a
simple change of coordinates, we should also expect an entropic relation between a particle
in flat space and some associated mathematical “screen”.
Horizon→ Rindler→ Minkowski (1.6)
This is essentially a radical reinterpretation of classical dynamics. The equivalence principle
implies both gravitational and inertial mass must have an entropic origin, if one does.
One may express the Rindler space limit of the Bekenstein bound in the curious form
∆S = 2pikB
mc
~
∆x. (1.7)
This is essentially the principle statement of entropic gravity; positing a complementary
relation between entropy on a holographic screen, which can be in flat space, and an arbi-
trary but localized particle. The Compton wavelength and Boltzmann constant are added
for dimensional reasons. The way in which force arises in entropic gravity, from the non-
relativistic perspective, can be viewed in analogy with condensed matter. Consider a gas or
fluid of molecules in a box that has a small opening, and a string placed partly inside and
partly outside the box. If the string is initially straight, the stochastic motion of molecules
will cause it to take a more entropically favorable arrangement, twisted and crumpled. This
creates an entropic, effective force which is proportional to the entropy on the part of the
string outside the box.
F∆x = T∆S (1.8)
Such a force is conservative, so long as the temperature in the box remains effectively
constant. In the above example if one takes the temperature of the system to be the Unruh-
Hawking temperature 1.1 (with the speed of light and Boltzmann constant reinserted), then
1.8 reduces to Newton’s second law.
1The covariant version of this bound is known as the Bousso bound [24].
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Black Hole Mechanics Thermodynamics
Zeroth Law κ T
First Law δM = κ8piGδA+ ΩδJ δE = TdS + ΩδJ
Second Law δA ≥ 0 δS ≥ 0
Table 1. The mapping between the laws of black hole mechanics and thermodynamics. As
a result of the zeroth law, equilibrium occurs for regions of constant surface gravity, such as on
the event horizon of a black hole. In the first law we identify the internal energy with M , tem-
perature TUnruh-Hawking = ~κ/2pi, and the Bekenstein-Hawking black hole entropy SBH = A/4G~.
The second law is a restatement of the Hawking area theorem, again with area identified as the
Bekenstein-Hawking entropy.
This line of argument can be taken somewhat further to obtain Newton’s law of gravity.
The key is to assume an equipartition of energy relation of the form
E =
NbitskBT
2
. (1.9)
From the generalized second law 1.4, the maximal entropy per surface area is given by the
Bekenstein-Hawking entropy, and using this we can say that Nbits = Ac3/G~. Substituting
the Unruh temperature, 1.7 and 1.8 then gives Newton’s law of gravity
F =
GmM
r2
. (1.10)
How seriously should this be taken? It depends on the weight one is willing to give
to each of the individual assumptions. The Bekenstein bound and its Rindler limit are
essentially a direct consequence of general relativity, and therefore a fairly solid starting
point. More difficult are 1.8 and 1.9. One may view 1.8 as depending only on the entropy
and Unruh temperature, and from this the force and radial response are defined as conse-
quences. So this is again a result of the Bekenstein bound. It is then only 1.9 that remains
as a limiting form for equipartition, which is consistent with the limit of non-relativistic
velocities. In this sense it is perfectly natural, although clearly not an ultimate building
block.
1.3 Thermal Equilibrium –> Black Holes in AdS
From this point I will return to general relativity. Since my goal is to apply the non-
equilibrium fluctuation theorem, which is concerned with perturbations that are not neces-
sarily at thermal equilibrium, but are between equilibrium states, to the laws of black hole
mechanics, it will be helpful to have as a starting point a gravitational system in thermal
equilibrium. Now the surface of a black hole has constant surface gravity, and by the laws
of black hole mechanics is then in thermal equilibrium. In order to extend this to global
equilibrium we must overcome the difficulty of the black hole having a negative specific
heat, i.e.
EBH =
1
8piGT
and SBH =
1
16piGT
. (1.11)
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There are two main ways to do this. Consider first placing the black hole in a “box” with
radiation distributed by the Stefan-Boltzmann law
ERadiation = aV T
4 and SRadiation =
4
3
aV T 3. (1.12)
This system then has a phase diagram with local and global equilibria.
A slightly more natural way of acheiving the same aim is to replace the box with Anti-
de Sitter space [9]. Here the black hole now has positive specific heat and exhibits stable
equilibria for temperatures greater than
T ≥ 1
pi
(
−Λ
3
) 1
2
. (1.13)
These specific details will not be particularly important for applying the fluctuation theo-
rem; the objective is to ensure its assumptions are satisfied.
Anti-de Sitter space is further interesting in that it exhibits a form of confinement,
realized through the infinite redshift of signals as they approach the AdS radius. At this
level, with information concerning a mass scale or Compton wavelength redshifted away,
one can construct a unitary conformal field theory on the boundary. One can also consider
this radial boundary surface as a holographic screen, according to the entropic gravity
prescription, however it is not entirely clear how to connect the unitary evolution of surface
states to holographic screens at other radii. In what follows I show one can consider the
evolution of the horizon microstates as a consequence of the Bekenstein bound or entropic
gravity. I will not however construct evolution between arbitrary screens.
2 Hawking Radiation
Here follows a terse overview of Hawking radiation; the energy flux emitted by a black hole
in, for instance, a scalar field background [5]. In general, in order to see particle creation
in a curved manifold, one can compare the Bogoliubov cofficients of field modes in the
vacuum states that are seen by different observers. Since different observers will disagree
about which states are vacuum states, they will also not have a shared difinition of particle
states, as characterized by field excitations with postive definite norms.
In the Schwarzschild metric one can see this effect by comparing the field modes of
a scalar field in Kruskal coordinates, as seen by freely falling observers as they pass the
horizon, with those seen by a constantly accelerating observer at fixed radial distance in
Schwarzschild coordinates. This gives the result∣∣∣∣βα
∣∣∣∣2 = exp(− ωTUH
)
, (2.1)
and requiring the normalization of field modes < fout, fout >= |α|2 − |β|2 = 1, we have a
Bose-Einstein distribution for particle creation and annihilation
Nω = |β|2 = Γ(ω)
exp
(
ω
TUH
)
− 1
. (2.2)
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Here Γ(ω) is a greybody factor which determines deviations of this from a blackbody spec-
trum. These occur due to the additional physical parameters in the problem, such as the
change in mass of the black hole as it evaporates.
My initial goal in these notes is to reexpress the derivation of Hawking radiation as
a non-equilbrium thermodynamics process. One would hope to eventually use such a new
formulation to extract general principles on the evolution of microstates with respect to
differing observers in gravity, etc.
2.1 Tunneling Across Horizon
There is an interesting and more recent derivation of Hawking radiation [20] [23], where it is
explictly viewed as a semiclassical tunneling process, that I would like to highlight because
of its similarity with the non-equilibrium thermodynamics viewpoint.
The idea is to reconsider the original “heuristic” picture of Hawking radiation as a
tunneling process where pairs of particles are spontaneously created and one either tunnels
out of the horizon or falls into it. This is done in the context of a Painleve line element of
the form
ds2 = −F (M, r)dt2 + 2
√
2M
r
dtdr + r2dΩ2, (2.3)
where F (M, r) =
(
1− 2Mr
)
, which is regular across the horizon.
When a quanta of radiation with energy ω is emitted by the black hole, its geometry is
altered through the loss of mass. If we demand conservation of energy, then the total ADM
mass of the spacetime is fixed as M , while in the emission process geodesics near the black
hole
r˙ ≡ dr
dt
= ±1−
√
2M
r
(2.4)
change, along with the black hole metric, as M →M − ω.
The action is
S =
∫ rout
rin
prdr (2.5)
and its imaginary contribution gives the tunneling probability. By changing variables using
r˙ = dH/dpr|r one can compute this as an integral over the energy change
Im(S) = Im
∫ ω
0
∫ rout
rin
dr
F (M,ω′, r)
(−dω′) = 4piω
(
M − ω
2
)
. (2.6)
Since there are two independent processes, pair production just inside the horizon with
tunneling outward, and pair production outside the horizon with an antiparticle tunneling
(or falling) inward, the combined tunneling probability is approximately
Γ(S) = exp
(
−8piω
(
M − ω
2
))
= exp (∆SBH) . (2.7)
To first order this gives the classic Hawking result.
It is interesting that the result of this semiclassical analysis is the dependence of emis-
sion probability on a purely thermal quantity, the change in black hole entropy. Also
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reenforcing the thermal viewpoint is the membrane paradigm-centric derivation of Hawk-
ing radiation by Parikh [18]. As the “stretched horizon” decreases in size due to mass loss,
its action changes to reflect this. The imaginary contribution to the membrane action is
proportional to emission probability, giving the same result.
3 Fluctuation Theorem
The fluctuation theorem [14] [19] [21] [22] [25] is a general result in non-equilibrium ther-
modynamics which essentially depends only on the statistical reversibility of the underlying
system. In the case of gravity we know that if there is an underlying system, then as a result
of the form of the Bekenstein-Hawking entropy and Bousso bound, its dynamics must be
time reversal invariant. We do not however know that there must actually be such a system
obeying the laws of quantum mechanics; this is an assumption. The fluctuation theorem
comes in two flavors, classical and quantum, appearing in essentially the same general form.
However, beginning with the classical version;
The general idea is to consider transitions between thermal equilibrium states and
compare the probability density of entropy production along one path to the probability
density along its time-reversed path
ptf ,ti(W)
pti,tf (−W)
= e−β(∆F−W ). (3.1)
The usefulness of the fluctuation theorem is that the left hand side of this equation depends
only on the relationship between individual microstates of the system, relations that are
valid without reference to equilibrium, while the right side depends only on state variables
constructed from the partition function.
A simple way to see the fluctuation theorem is through starting with the free energy
in the canonical ensemble. The free energy is
∆F = −T∆S +W, (3.2)
and can be rearranged to read
e−β(∆F−W ) =
Ωf
Ωi
, (3.3)
where Ωn is the number of states in the nth microstate. To link this with the fluctuation
theorem, consider that if a priori we have a system with some number of A and B states,
and an independent probability of transitioning between states, then if we run the system
long enough we will end up with macroscopic occupation numbers for the A and B states
that reflect the microscopic transition probabilities. That is,
Ωf
Ωi
=
ptf ,ti(W)
pti,tf (−W)
. (3.4)
In order to show this directly one can construct the free energy by averaging over the
internal energy of the system, i.e.〈
e
−
(
Ef
Tf
−Ei
Ti
+ΣNn=1
∆En
Tn
)〉
=
Zf
Zi
=
Ωf
Ωi
. (3.5)
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That this is true is a restatement of the principle of detailed balance, and it’s just a co-
incidence that we’re looking at the final and initial states; any could be used as it holds
always. So the fluctuation theorem shows that if one knows the partition function over a
macroscopic equilibrium then the microscopic transition probabilities can be found.
4 Hawking Radiation from Fluctuation Theorem
Observing Hawking radiation from the fluctuation theorem is essentially just a straight-
forward application of the fluctuation theorem to the laws of black hole thermodynamics.
Recall the first law of black hole thermodynamics
δE = TdS + δW. (4.1)
Here T = ~κ/2pi is the Unruh-Hawking temperature, dS = δA/4G~ the black hole entropy,
and work δW = ΩBHδJ . From this law one can again reconstruct the fluctuation theorem.
First, defining the free energy
δF = −TdS +W (4.2)
−β (δF −W ) = log
(
Ωf
Ωi
)
. (4.3)
Here identifying S = log(Ω) = p(W) is curious. What are Ωi? This is unfortunately
presently unknown, and positing an interpretation of the thermal entropy as the log of
some collection of microstates is an explicit, though probably fairly uncontroversial extra
step beyond classical gravity.
The probability of an entropy production ptf ,ti(W) along a path W is then as 3.1
Γ(∆SBH) = e
−β(δF−W ) = e∆SBH =
ptf ,ti(W)
pti,tf (−W)
. (4.4)
This tells us that as the black hole metric changes, the balance of probability distributions
of the entropy production along a given path, vs that of the time-reversed process, is de-
termined by the thermal entropy change. In other words, for some entropy change between
equilibrium states, where the surface area decreases (but the generalized second law is still
preserved), the black hole is more likely to emit a particle than absorb one.
This can be identified with the tunneling probability. In the context of applying the
fluctuation theorem to laboratory systems the appearance of radiation through the tun-
neling of paths is fairly standard and, for some systems, has been observed experimentally
[31]. This expectation also has the same form as 2.7, which is an extra piece of evidence
favoring its interpretation as black hole radiation.
4.1 Horizon Microstates
We do get an extra piece of information by using the fluctuation theorem, particularly if
we assume its validity on an underlying statistical system. There are certain effects that
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survive in general in the thermal description, and one example of this is the time invariance
of the Bousso bound [24].
Returning again to the fluctuation theorem, we apply it to the laws of black hole
mechanics in such situations where global thermal equilibrium can be defined, with the
resulting form 4.4. Recall that with respect to the canonical ensemble, the free energy may
be written in terms of the partition function as
Fi = Ti lnZi. (4.5)
This is given by the Gibbons-Hawking partition function [7] in situations where it can be
well defined, like for AdS-Schwarzschild spacetimes. We could also perhaps say that ZAdS =
ZCFT by using the GKP-Witten relation 1.2 , thus gaining another way of calculating the
above. However, more generally, the useful part of this partition function for calculating
Hawking radiation is just the black hole entropy.
Now, since any energy loss from the black hole causes it to decrease in area and thus
entropy,
TBH∆SBH = −QHR, (4.6)
and this is carried off by the Hawking radiation, we can relate their free energies as
∆FBH = −∆FHR, (4.7)
which can be used to write the fluctuation theorem only in terms of the Hawking radiation
side. We also know that the probability of the black hole emitting a particle, and thus again
producing negative entropy, must be equal to the probability of the Hawking radiation
producing a corresponding positive amount of entropy. If the surface area increases, then
this is the reverse process for Hawking radiation. That is,
Pi(−WBH) = Pf (WHR)
Pf (WBH) = Pi(−WHR). (4.8)
Thus, the balance of Hawking radiation is
Pi(−WHR)
Pf (WHR) = exp(∆SBH). (4.9)
From entropic gravity we have the independent relation 1.7
∆S = 2pikB
mc
~
∆x. (4.10)
This is the Rindler limit of the Bekenstein bound; it is a restriction on the entropy content
of matter in the vicinity of the horizon, which can be reinterpreted as a quantum statement
of holography. It is perhaps not completely prescriptive, as it does not specify the global
evolution, etc. Rather, it can be taken as a partial statement which should be mutually
consistent on both the gravity and quantum sides.
The Hawking radiation spectrum 4.4, 2.7 is isotropic and emits along the entire angular
distirbution of the black hole. If we take the Rindler limit of this expression for the purpose
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of comparing with 1.7, then this corresponds to a small solid angle and small proper distance
from the horizon approximation. The first, due to isotropy, is just a leading numerical factor
on the number of states per area. The radial dependence should not affect the number of
states (ignoring more complicated dynamic effects such as pair creation of massive particles
which may have insufficient momentum to escape), since the quanta of Hawking radiation
trace from the horizon to asymptotic infinity.
In the near horizon limit, combining the entropic gravity prescription with the fluctu-
ation theorem’s statement on Hawking radiation is
e2pikB
mc
~ ∆x ∝ pi(−WHR)
pf (WHR) =
Ωi
Ωf
. (4.11)
This tells us that the number of Hawking radiation microstates evolves non-perturbatively
as
Ωf = e
−2pikB mc~ ∆xΩi. (4.12)
5 Discussion
In this paper the general idea has been to extrapolate from thermal or entropic properties
of black holes, through the assumption of an underlying statistical system that is consistent
with one leading to the fluctuation theorem, in order to make a few initial statements as to
the expected behavior of such underlying states. The principle effect is that the fluctuation
theorem predicts the appearance of tunneling phenomena, and its form coincides with
that independently found to be expected for Hawking radiation semiclassically. This lends
the interesting perspective that applying nonequilibrium thermodynamics to gravity gives
another method of naturally seeing semiclassical corrections. This can perhaps also be
extended a bit further by instead using the GKP-Witten relation.
An interesting perspective is that since versions of the fluctuation theorem have been
shown to hold more generally, in the absence of initial and final equilibrium states, it may
be possible to use the fluctuation theorem in order to define a partition function for gravity
in situations where the existence of a canonical ensemble is lacking.
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